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Abstract 

We construct and present a model for leptonic mixing based on higher-dimensional operators, using the 
Froggatt-Nielsen mechanism, and Abelian horizontal symmetries (flavor symmetries) of continuous and discrete 
type. Our model naturally yields bilarge leptonic mixing, coming from both the charged leptons and the neutri- 
nos, and an inverted neutrino mass hierarchy spectrum. The obtained values of the parameters, i.e., the leptonic 
mixing parameters and the neutrino mass squared differences, are all consistent with the atmospheric neutrino 
data and the Mikheyev-Smirnov-Wolfenstein large mixing angle solution for the solar neutrino problem. 

PACS: 14.60.Pq, 11.30.Hv 

Key words: Leptonic mixing; Neutrino masses; Discrete symmetries; Higher-dimensional operators 



1. Introduction 

Predicting the pattern of fermion masses and 
mixings from a fundamental gauge theory is one 
of the major challenges in particle physics. In 
such an approach, the observed hierarchy of the 
fermion masses is usually understood in terms of 
some symmetry breaking interaction. In fact, due 
to their plausible Majorana nature, the extreme 
smallness of the neutrino masses could be asso- 
ciated with a violation of the B — L symmetry. 
Thus, the neutrinos can shed light on the origin of 
the fermion masses and mixings, since most grand 
unified theories (GUTs) based on SO(10) or E e 
and also string theories indeed expect the B — L 
symmetry to be broken [jlj. In building mod- 
els, it is therefore particularly important to nat- 
urally reproduce the neutrino mass squared dif- 
ferences and the leptonic mixing parameters that 
have been determined by the atmospheric 
and solar j| neutrino data. 

The neutrino mass squared differences are gen- 
erally defined as 



Am 2 ab = m\ 



'b- 



where m a is the mass of the ath neutrino mass 
eigenstate. We will here assume that there are 
three neutrino flavors, and therefore, three neu- 
trino flavor states v a (a — e, [a, t) and also three 
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neutrino mass eigenstates v a (a = 1,2,3). The 
unitary leptonic mixing matrix^ is then given by 

U = (U aa ) = u ef u», 

where the unitary mixing matrix U {U v ) rotates 
the left-handed charged lepton fields (the neu- 
trino fields) so that the charged lepton mass ma- 
trix (the neutrino mass matrix) becomes diago- 
nal. Thus, the leptonic mixing matrix acquires 
contributions from both the charged leptons and 
the neutrinos. These contributions usually add 
in a non-trivial way (see App. ^). For three neu- 
trino flavors, in the so-called standard parameter- 
ization, the leptonic mixing matrix reads 



U 



C 2 C 3 
-S 3 Ci - SiS 2 C 3 e^ 



S 3 C 2 
C1C3 - 

-S1C3 - S 2 S 3 Ci 



1 c 2 
1 °2 



where S a = sin6> a , C a = cos# a (for a = 1,2,3), 
and 5 is the physical CV phase. Here 6>i = 2 3, 
02 = 9i3, and #3 = 0i2 are the leptonic mix- 
ing angles. Recent results suggest that among 
the possible solutions to the solar neutrino prob- 
lem, the Mikheyev-Smirnov-Wolfenstein (MSW) 
|(| large mixing angle (LMA) solution is some- 
what preferred to the MSW small mixing angle 
(SMA) solution, the MSW low mass (LOW) so- 
lution, and the vacuum oscillation (VAC) solu- 
tion @-||| . Actually, a global solar two flavor neu- 
trino oscillation analysis including the latest SNO 

1 The leptonic mixing matrix is sometimes called the Maki- 
Nakagawa-Sakata (MNS) mixing matrix H. 
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data strongly favors the MSW LMA solution (To) . 
However, the MSW LMA solution excludes max- 
imal solar mixing at the 95% confidence leve l |q| 
(and now even at the 99.73% confidence level ||), 
and therefore, it also disfavors the scenario of so- 
called bimaximal mixing @. Thus, we will in- 
stead, most probably, have a bilarge mixing sce- 
nario in which the solar mixing angle 812 is large, 
but not maximal, and the atmospheric mixing an- 
gle #23 is approximately maximal. It is interesting 
to observe that there are very strong indications 
that the leptonic mixing is large, whereas, on the 
other hand, it has turned out experimentally that 
the quark mixing is small Jl2[ . 

In this paper, we will investigate a model, 
which yields in a technically natural way bilarge 
leptonic mixing, reproduces the observed mass hi- 
erarchy of charged leptons, and leads to an in- 
verted neutrino mass hierarchy spectrum. This 
will be achieved by generating lepton mass matrix 
textures, where the mixing of the charged leptons 
is comparable with the mixing of the quarks and 
the mixing of the neutrinos is essentially bimaxi- 
mal. The striking difference between the bilarge 
leptonic mixing and the small quark mixing will 
then be accounted for by the neutrinos (mainly) 
and the charged leptons (partly). 

This paper is organized as follows: In Sec. |^, 
we will introduce a model by adding to the stan- 
dard model (SM) a set of extra fields and hori- 
zontal symmetries that will give rise to specific 
effective Yukawa interactions for the charged lep- 
tons. Next, minimizing the corresponding scalar 
potential, we will naturally obtain a mass matrix 
texture for the charged leptons, which is in agree- 
ment with experimental data. In Sec. [|, we will 
extend the representation content of the model in 
order to also obtain a realistic mass matrix tex- 
ture for the neutrinos. (In App. [A], we will explic- 
itly calculate the leptonic mixing angles coming 
from the diagonalizations of the charged lepton 
and neutrino mass matrices, respectively.) Fi- 
nally, in Sec. |], we will present a summary as 
well as our conclusions. 



2.1. Horizontal symmetries 

We will here consider an extension of the SM 
in which the lepton masses arise from higher- 
dimensional operators jl3| via the Froggatt- 
Nielsen mechanism |jl4| . (For recent studies, 
see, e.g., Ref. |Tq| .) We will write, in a self- 
explanatory notation, the lepton doublets as 
L a = {v a L e a i), where a — e,fi,T, and the 
right-handed charged leptons as E a — e a R, where 
a = e,fj,,T. Suppose that the part of the scalar 
sector, which transforms non-trivially under the 
SM gauge group, consists of two Higgs doublets 
Hi and H2, where H\ couples to the neutrinos 
and H 2 to the charged leptons.^ (For simplicity 
and without loss of generality, the quark sector 
will be left out in our entire discussion.) Let us 
first restrict our discussion to the generation of 
the charged lepton masses. In order to obtain the 
structure of the charged lepton mass matrix from 
an underlying symmetry principle, we will further 
extend the scalar sector by SM singlet scalar fields 
4>i (i — 1,2, ... ,8) and 8 and assign the fields 
gauged horizontal U(l) charges Qi, Q2, and Q3 
as follows: 







L e ,E e 


(1,0,0) 




(0,1,0) 


01,02 


(-1,1,2) 


03,04 


(1,-1,2) 


05,06 


(0,0,0) 


07,08 


(0,0,1) 


8 


(0,0,-1) 



In the rest of the paper, it is always under- 
stood that the Higgs doublets Hi and H2 are 
total singlets under transformations of the ad- 
ditional symmetries. Note that our model is 
kept anomaly-free, since the fermions transform 
as vector-like pairs under the extra U(l) charges. 
Next, the charges (Qi,Q2) of the charged lepton- 



2. Charged leptons 



2 This can easily be achieved by imposing a discrete Z2 
symmetry under which H2 and E a (a = e,fi,r) are odd 
and Hi and the rest of the SM fields are even. 
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antilepton pairs are given by: 







E e 




E T 




(Oi,Oa) 


(1,0) 


(0,1) 


(0,1) 




(-1,0) 
(0,-1) 
(0,-1) 


(0,0) 

(1,-1) 
(1,-1) 


(-1,1) 
(0,0) 
(0,0) 


(-1,1) 

(0,0) 
(0,0) 



We observe that these charges forbid dimension- 
four Yukawa coupling terms for the coupling of 
the first generation to the second and third gen- 
erations. A realistic charged lepton mass ma- 
trix will arise if we, in addition to the U(l) 
charges, introduce a set of discrete symmetries 
T>i (i — 1,2,... ,5), which are, at this level, not 
plagued with chiral anomalies. The Z4 symmetry 



V, 



03 
05 
07 





E T - 




-103, 


fa — 


► -1 fa 


-i^5, 


fa — 


► -ifa 


-107, 


fa - 


* -108 



(1) 



forbids dimension-four Yukawa coupling terms in 
the /x-r-subsector of the charged lepton sector. 
The Z2 symmetry 

£ ' El • (2) 



V 



J e,i 



sets to leading order the e-e-element of the 
charged lepton mass matrix equal to zero. It has 
been pointed out that bimaximal leptonic mixing 
corresponds to a permutation symmetry of the 
second and third generation fil| . Thus, we will 
introduce the three permutation symmetries 



2>< 



L, 



L„ 



~E fl , 

* 02, 

~* 02, 
' -07, 

+ L T , 
-02, 
-06, 



E^ <-> E T , 



(3a) 
(3b) 

(3c) 



6 2 — > -02, fa — > -04, 
6 6 — > -0 6 , 7 «-> 8 . 

Then, the most general charged lepton mass 
terms, which are invariant under all symmetry 
transformations of our model, are given by the 
higher-dimensional operators 



C = L a H 2 [(Y* s ) a p + (Y c %) a0 ] E fj + h.c, 



(4) 



where the relevant effective Yukawa interaction 
matrices Y^ s and Y^L are on the forms 



yl 



Y- 
1 „r 



' 

A(01 - 2 ) 
^4(01 + 02 ) 



5(03 
C(05 



5(0 







diag(0, Dfa, £)0 8 




Here, the dimensionful coefficients A, B, C, and 



D are 


given by 




yl = 


6 2 

Y 

a Mf 


(6a) 


B = 


9 2 

b Mr 


(6b) 


C = 


C M^ 


(6c) 


D = 


6 

Yd Mf' 


(6d) 



where the quantities Y a , Yf,, Y c , and Yd are arbi- 
trary order unity coefficients and M\ is the high 
mass scale of the interm edia te Froggatt-Nielsen 
states. Actually, in Sec. 2.3, the mass scale Mi 
will be related to the breakdown scale of the extra 
symmetries by a small expansion parameter. 

2.2. The scalar potential 

The most general renormalizable scalar poten- 
tial, involving only the fields fa (i — 1,2,... ,6), 
which is invariant under transformations of the 
horizontal symmetries given in Sec. |2.1|, reads 



V = ii\{\fa\ 2 + \fa\ 2 ) 

+ ^(|03| 2 + |04| 2 ) 



M3(I05| 2 + |06 

«i (l0 f i0i| 2 + 

4 (|0^03| 2 + 
4 (l0505| 2 + 

a|0 t i0 2 | 2 
d (\4>\fa 

e (|0t05 

/ (\4<l>i 



I0 2 2 | 2 

i0i0 4 i 2 

I0606I 2 

40 4 | 2 4 

0203 I 2 - 



■c|0j0 



5<W 

A fa 1 2 



10^0 



2^51 - 

405 1 2 



406 I' 



\fa\fa? 
|0^0 6 | 2 + |0 4 6 | 2 
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Ai 
A 2 
A 3 



*>\<h 



304 J + 
2 



Ah 



m\ (0102 + 0201 ) (^3^4 + 



m 2 



S\ 2 + 2 0i 



6 6 + 



4^3 
4^5 



™3 (0304 + 0403) (0506 + 0605 



(7) 



where all coefficients are real. Due to the sym- 
metries of our model, the remaining scalar fields 
enter relevant terms in the potential V only via 
quartic couplings in form of absolute squares of 
these fields, which means that they can be com- 
bined into the coefficients fa (i = 1,2,3). There- 
fore, we can choose the coefficients in the po- 
tential to fulfill jiif < (i = 1,2,3), ^ > 
(i = 1,2,3), and a, b,...,f > 0, which 
yield after spontaneous symmetry breaking (SSB) 
non- vanishing vacuum expectation values (VEVs) 
that satisfy 

|(0l)| = |(0 2 )|, |(03)| = |(04)|, |(05)| = K06>|. 

If Ai < (i = 1,2,3), then we obtain pairwise 
relatively real VEVs, i.e., 



(0l) (03) (05) 



€{-1,1}. 



Next, choosing mi < and 7712,7713 > 0, we ob- 
tain 

1 and m { M = -l, 



i.e., the relative sign between (0i) and (02) is 
equal to the relative sign between (03) and (04) 
and opposite to the relative sign between (05 ) and 
(06). In Sec. [2.3| , we will show that this align- 
ment mechanism reconciles the permutation sym- 
metry 2?5 with an approximate diagonal form of 
the charged lepton mass matrix. 



2.3. The charged lepton mass matrix 

Suppose that the SM singlet scalar fields aquire 
their VEVs at a high mass scale and thereby give 
rise to a small expansion parameter 



Mi 



Mi 



10- 



(8) 



where i — 1,2,. ..,8. Such small hierarchies 
can arise from large hierarchies in supcrsymmet- 
ric theories when the scalar fields aquire their 
VEVs along a "D-flat" direction (TJ. As a con- 
sequence of the permutation symmetries D3, P4, 
and P5 , the lowest energy state is two- fold degen- 
erate. Applying the results of Sec. 2.2 and insert- 
ing Eq. (|) into Eqs. (||) and the result thereof 
into Eqs. (|), we obtain the two possible charged 
lepton mass matrices 







Mo 




and 



e 2 
(i 1 (l 



(9) 



(10) 



where m T is the tau mass and only the order of 
magnitude of the matrix elements have been in- 
dicated. Note that a permutation of the second 
and third generations, «-> L T , E„ <-> E T , leads 
from one solution to the other. Let us take the 
first one. Diagonalization of Mi [in Eq. (||)] then 
gives for the charged lepton masses the order-of- 
magnitude relations!] 



10" 



and m^/m T ~ e ~ 10 



which approximately fit the experimentally ob- 
served values [i.e., (m e /m M ) C xp — 4.8 • 10 -3 and 
(m Al /TO r ) cxp ~ 5.9 • 10 -2 |12[| ]. Here m e and 
are the electron and muon masses, respectively. 
The charged lepton mass matrix Mi is diagonal- 
ized by a rotation of the left-handed charged lep- 
ton fields in the 1-2-plane by an angle 8{ 2 — 6° 

3 The charged lepton mass spectrum is: m e = |Ai|, = 

1-vT 



|A 2 |, 



I A3 1, where Ai 



It, A 2 = f (l + Vl + 4e 2 ) 



+ 4e 2 j m T ~ 
and A3 = mi- 



are the eigenvalues of the matrix M(. 



(6»f 2 = e -|e 3 +0(e 5 ), where e ~ 0.1, 6>f 3 = 0, and 
^23 = 0), which will finally give a contribution to 
all leptonic mixing angles (see App. |a|). 



Ft F° 

X — 



X — 



* Hx 



3. The neutrino mass matrix 

Let us now turn our discussion to the neutrino 
mass matrix. As intermediate Froggatt-Nielsen 
states we will assume two heavy SM singlet Dirac 
fermions F\ and F2, which have masses of the 
order M\. In order to account for the smallness 
of the neutrino masses, we will furthermore intro- 
duce three SM singlet Dirac fermions N e , N^, and 
N T , which have masses of the order of some rele- 
vant high mass scale M 2 . From the assignment of 
the charges (Qi,Q2) to the lepton doublets, the 
structure of the (Qi, Q2) charges associated with 
the effective neutrino mass matrix follows imme- 
diately: 



Figure 1. The dimension six operator for a = fi,r 
and 0^ = <f>g, (f>T = 0io, generating the e-fj,- and e-r- 
elements in the effective neutrino mass matrix. 



L% Ft Ft F 2 F 2 N e N e F 1 F 1 L e 



Hx A 



-X- 



-X- 



1 
1 

1 4>i 



-X- 



Li Ft Ft N c e N° F£ F$ F L F 1 L e 



-X- 



-x- 



* Hx 











L T 




(QiM 


(1,0) 


(0,1) 


(0,1) 




(1,0) 


(2,0) 


(1,1) 


(1,1) 




(0,1) 


(1,1) 


(0,2) 


(0,2) 


K 


(0,1) 


(1,1) 


(0,2) 


(0,2) 



Note that the given representation content so far 
forbids any neutrino mass term. We therefore 
introduce the additional SM singlet scalar fields 
09, 0io, 0n, and 0i 2 and we assign the charges 
Qi, Q2, and Q3 to the fields as follows: 





(QuQ2,Q 3 ) 




(1,0,0) 




(0,1,0) 


F x 


(1,0,0) 


F 2 


(-1,0,1) 


09,010 


(-1,-1,0) 


011 


(-2,0,1) 


012 


(0,0,0) 



Note that our model is again kept free from chi- 
ral anomalies, since the heavy fermions are vec- 
tor representations under transformations of all 
U(l) charges. The Dirac neutrino fields and the 
scalar fields transform under the discrete symme- 
tries T>3 , T>4 , X>5 , and the additional discrete sym- 



Figure 2. The dimension eight operators, generating 
the e-e-element in the effective neutrino mass matrix. 



metry T>§ as 



■D3 

Va 



A„ 



hi - 



-> -A M , 
-> -A M , 0, 

<-* N T , 09 <-* 

iA e , 

-1011, 01 



10) 



1012- 



(11a) 
(lib) 
(11c) 

(lid) 



It is easily verified that the results for the charged 
lepton mass matrix remain unchanged by this 
new representation content. The leading order 
tree-level realizations of the higher-dimensional 
operators, which generate the neutrino masses, 
are shown in Fig s. and §. After SSB, the ef- 
fective neutrino mass matrix M v will be on the 
approximate bimaximal mixing form |llf| 



A' 


B' 






B' 





~» j . 


(12 


—B' 





/ 





6 



where 
A' = 

B' = 



Y. 



Y 



M 2 (Mi)3 

, (gl) 2 (09) 
Mo Ml ' 



(13a) 
(13b) 



and the quantities Y' a and Yl are arbitrary or- 
der unity coefficients. Note that the permutation 
symmetry V 5 establishes |(0g)| = |(0io)| 5 and 
hence, the magnitudes of the e-fi- and e-r-entries 
in the effective neutrino mass matrix M v are ex- 
actly degenerate. The possible relative phase <p 
between these entries can be eliminated by, e.g., 
the field redefinition L T — > e ltp L T , since it does not 
affect the mixing angles in the charged lepton sec- 
tor. If we assume that all SM singlet scalar fields 
aquire their VEVs at the breakdown scale of the 
additional horizontal symmetries, then Eq. (||) 
also applies to the indices i = 9, 10, 11, 12. There- 
fore, we can parameterize the effective neutrino 
mass matrix M v with the same expansion pa- 
rameter e that was used for the charged lepton 
mass matrix Mg and we find the relative sup- 
pression ratio A'/B' ~ e 2 ~ 1(T 2 from Eq. |[|). 
Thus, diagonalizing the neutrino mass matrix M„ 
in Eq. ([l2]), we obtain the following spectrum of 
the neutrino massesn 



mi 



iri2 and 777,3 = 0, 



which is on the inverted hierarchical form (i.e., 



m 3 <C 777-1 — "72 







I Am 2 ! I 



< \Ar 



'•:?2 



|Ato 2 i|). Using the MSW LMA and atmospheric 
neutrino mass squared differences^ |]|| 

Am| = l Am 2il - 3.7- 10~ 5 eV 2 - 10~ 5 eV 2 , 



Ami 



|A?77o 



2.5- lO^eV^ ~ 10~ 6 eV 2 



and a VEV of the order of the electroweak scale 
(Hi) ~ 10 2 GeV, we obtain from Eqs. © the 
high mass scale A/2 — 10 14 GeV (as well as mi ~ 
m 2 ~ 0.05 eV and e ~ 0.1). The entry A' of 
the matrix in Eq. ( |l2| ) induces a deviation from 

[Ail, 



4 The neutrino mass spectrum is: mi 



m 3 = \X' 3 \, where \[ ~ -73' v 7 ^, A' 2 =r 
are the eigenvalues of the matrix M„. 



s | A'J, m 2 
B'y/2, and A^ 



5 Here Am; 
|Amjy 



5 

| Am 



A 



111 



2|B' 2 |. 



.e., lAm^l ~ 2 V / 2|A'_B'| and 



maximal solar mixing, which is of the order 0.1° 



^ £ 2 

4V2 



( i + o(e w ), where e 



96\/2 

y/A'/B' ~ 0.1, 6*^3 = 0, and 0£ 3 = 45°). This 
deviation can be neglected in comparison with 
the contribution coming from the charged lepton 
sector, which is about 6° (see Sec. |2.3| ), resulting 
in a change of the mixing angles #12 and #13 by 
approximately 4°, while the atmospheric mixing 
angle #23 practically stays maximal (see App. [A|). 
Thus, the leptonic mixing angles are 



41 c 



4°, and 



7 2:i 



45°. 



Hence, our model predicts the charged lepton 
mass hierarchy spectrum, an inverted neutrino 
mass hierarchy spectrum, bilarge leptonic mix- 
ing, as well as it reproduces the mass squared 
differences to lie within the ranges preferred by 
the MSW LMA solution^ and atmospheric neu- 
trino data[]. In particular, it yields a significant 
deviation from maximal solar mixing. However, 
the solar mixing angle is bounded from below 
by approximately 41° and it is therefore still too 
close to maximal to be in the 95% (or 99.73%) 
confidence level region of the MSW LMA solu- 

4. Summary and conclusions 

In summary, we have presented a model built 
upon extra fields, horizontal (flavor) symmetries, 
and higher-dimensional operators including the 
Froggatt-Nielsen mechanism. This model natu- 
rally yields the well-known mass matrix textures 





e 2 






(" 2 1 




e 


e 


•) 


and 


1 


:) 











V-i 





for the charged leptons and the neutrinos, respec- 
tively, which involve the same small expansion 
parameter e ~ 0.1. These textures reproduce the 
mass hierarchy among the charged leptons very 

6 @ 99.73% C.L.: 1.9 ■ 10" 5 eV 2 < Am 2 , < 2.7 ■ 10" 4 eV 
best-fit: Am|, 



3.7 • lO" 5 eV 2 9 



© 90% C.L.: 1.6 ■ 1CT 3 eV 2 < Am: 
best-fit: Am 2 tm ~ 2.5 ■ 10" 3 eV 2 L. 
8 @ 99.73% C.L.: 0.22 < tan 2 612 < 0.71 
|6»i 2 | < 40° H; best-ntT tan 2 12 ~ 0.37 
31° U 



Ln < 4.0 -lO" 3 eV 2 ; 



25° < 
\0l2\ ~ 
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accurately as well as they give rise to the most 
probable values of the mass squared differences 
for the neutrinos coming from solar and atmo- 
spheric neutrino data. In addition, assuming no 
CP violation, i.e., 8 — 0, the model gives bilarge 
leptonic mixing, i.e., 612 — 41°, 6*13 ~ 4°, and 
9 23 — 45°, which is in very good agreement with 
the present experimental data. The mixing an- 
gle 6*12 is on the borderline of being compatible 
with the MSW LMA solution, which has, how- 
ever, been further strengthened by recent SNO 
results |n]] and which will, nevertheless, soon 
be even better tested by the KamLAND exper- 
iment jl{|, whereas #13 is well below the CHOOZ 
upper bound, and ^23 fits perfectly the best-fit 
value from the Super-Kamiokande collaboration 
of their atmospheric neutrino data. 

As a final conclusion, we have shown in App. [A| 
that the leptonic mixing angles are all dependent 
on the "solar" mixing angle 9\ 2 in the charged 
lepton sector in a non-trivial way. 



A. The leptonic mixing matrix - A special 
case 

The leptonic mixing matrix can be written as 
U = 23 {9 23 )U 13 (9 13 ,S)0 12 {9 12 ) 



1 


\ 


C23 S23 1 


— s 23 C 23 J 


C13 


S 13 e~ 


1 





~S 13 e [S 


Cl3 


C12 S12 




— S12 C12 


!)■ 








(14) 



where C ab = cos9 ab , S ab = sin6» afc , and O ab (9 a b) 
is a rotation by an angle 9 ab in the a6-plane. If S = 
0, then t/i3(#i3,0) = 0\ 3 (9i 3 ). Assuming that all 
the CP phases are zero, i.e., 6 = 6 = 5 U = 0, then 
the charged lepton and neutrino mixing matrices, 
U and U u ', can, of course, also be written in the 
same form as the above complete leptonic mixing 
matrix, U, i.e., we have 

u l = QiM 3 ) uiM^ l \ oiM2l (isa) 
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Thus, inserting Eqs. ([j~q) into the definition of 
the leptonic mixing matrix, U = (U aa = U U v ', 
we find that 

u = oi^foiMsfoiMsf 

x %M(W a (^). (16) 

Furthermore, assuming that we have only a small 
mixing coming from the mixing angle 9 l l2 m the 
charged lepton sector (9{ 3 = 0, 6*33 = 0) and bi- 
maximal mixing in the neutrino sector (9\ 2 = 45°, 
6^3 = 0, 8% 3 = 45°), we then obtain 

U = 0{ 2 (9[ 2 ) T 2 'M 3 =45°)0» 12 (9» 2 = 45°) 

/cj 2 /V2 + s| 2 /2 cf 2 /V2-s| 2 /2 -Sf 2 /v^\ 
\ 1/2 -1/2 1/V2 J 

(17) 
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The mixing angles (in the standard parameteri- 
zation) of a 3 x 3 orthogonal mixing matrix can 
be read off as follows [EOf : 



9 * U * 

I12 = arctan——, 

U e l 

?i3 = arcsin[/ e3 , 



arctan ■ 



U T3 



(18) 

(19) 
(20) 



Thus, inserting the appropriate matrix elements 
of the matrix U in Eq. @ into Eqs. © - @, 
we finally obtain 



'12 



arctan ■ 



( " sy i2 - 7f Slnw i2 
cos 9[ 2 + "^5 sin 



? 12 I • 



^13 = — arcsm [ —= sin 
arctan cos dio- 



When 9[ 2 is small (9[ 2 <C 1), we have 



(21) 

(22) 
(23) 



7T 1 



1 



'12 = T 



12 - 71^^12 + C '( 6 'i2 )) 



713 



7 2:S 



4 V2 672 



1 ^ + -L=^ 2 3 + o(^ 2 5 ), 



V2 12^2 



- 4 _ 4^12 - ^12 + ( 6I 12 )■ 



(24) 

(25) 
(26) 



Note that all leptonic mixing angles receive con- 
tribution from the small mixing angle 9\ 2 in the 
charged lepton sector. Furthermore, we observe 
that #12 has first order corrections in 9[ 2 , whereas 
6>23 has only second order corrections in 0\ 2 . The 
mixing angle #13 is directly proportional to the 
mixing angle 9\ 2 (when 9\ 2 is small), which means 
that if 9 l 12 is small, then #13 will also be small. In 
fact, \9\2\ ^ 13.1° has to be fulfilled in order for 
the mixing angle #13 to be below the CHOOZ up- 
per bound sin 2 20 13 < 0.10 {i.e., |0 13 | < 9.2°) |l). 

9 Introducing a small deviation r] from maximal solar mix- 
ing in the neutrino sector (i.e., 6^2 = 45° — * 8" 2 = 
45° + r), where rj <S 1), we find that 6>i2 = ? + 1J — 

\73^i 2 _ 6V2^ 2 ^ ^(^12 )j w h ereas $13 an< i $23 remain 
unchanged. 
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